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Abstract 
The present paper deals with the analytical and computational study of glass reinforced plastic beams in three
point bending and the comparison of the induced results with experimental and analytical results. The measurement 
of the interlaminar shear strength of composite beams, an important design variable in many applications, may be 
successfully performed by the three point bending test. A Finite Element Analysis (FEA) is adopted throughout the 
composite beams in order to correlate with experimental and analytical results.  From the Finite Element Analysis 
and the experimental investigation possible crack initiation positions are determined. Finally, the elastic constants 
of the same material were determined from bending experiments carried out on specimen of large span length to 
thickness ratio, and compared with those derived from FEA analysis. 
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1. Introduction 
Knowledge of shear properties is very important whenever the interfacial bonding or matrix failure of a 
composite material is critical and thus the shear strength becomes a critical parameter and is an important 
consideration when designing composite structures. However, the failure mechanisms in thick composite structures 
is of interest since there is a problem to describe accurately the true shear behavior of composite structures due to 
lack of a very accurate and reliable method. For this reason the main aim of this article is to shed some more light 
into the performances of composite beams under three-point bending and to investigate the shear or bending failure, 
which according to a series of experiments carried out depends on parameters mentioned previously. 
In the sequel a linear Finite Element Analysis (FEA) is performed in the composite beams in order to, on the one 
hand, to obtain the stress distribution versus the vertical axis of the beam at the supports and/or at the loading points 
where usually there is an abrupt variation due to indentation existing because of the noses. From the FEA, possible 
crack initiation positions have been identified and compared with those from experiments. 
Finally, the elastic constants of the same material were determined from bending experiments carried out on 
specimen of large span length to thickness ratio, and compared with those derived from FEA analysis. 
2. Theoretical considerations 
An orthotropic beam of low shear strength is expected to fail by shear at the neutral axis at low L t  where L  
denotes the span length and t   the thickness. At larger L t  the mode of failure becomes flexural. Then, the outer 
fibres fail in tension if the tensile strength is less the compressive strength. There is an intermediate range of L t  in 
which the failure behavior is transitional and may vary from specimen to specimen or assume aspects of both modes 
as deformation proceeds. As shown in Fig. 1 which illustrates the test method, the specimen is supported by the 
reaction noses and the load is applied at a constant speed by means of the loading nose. The stress at any point in the 
beam can be calculated to a first approximation using the theory of mechanics of materials. The stresses xxV  and  
xzV  can be obtained by applying the equilibrium conditions. xxV  has the maximum tensile or compressive value at 
the lower or upper point of the specimen thickness whereas xzV  is maximum at the neutral axis of the specimen. 
Thus: 
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where P  is the applied load and b  the width of the specimen. By dividing the above two relationship we obtain: 
2xx
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t
V
V  ,   (2) 
when the shear stress is constant, the flexure stress varies with L t  and when the flexure stress is constant the shear 
stress varies as an hyperbolic function of L t . 
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Fig.  1. Composite beam under three point bending. 
 
If for a material the shear stress at failure is FW  and the flexure stress (tensile or compressive stress) at the same 
load is FV , Equation (2) can be rewritten as: 
2F
F
L
t
V
W     (3) 
If the failure stress in shear is MW  and the failure stress in flexure is MV  the failure of the specimen in shear 
occurs when: 
F M F MandW W V V     (4) 
From Equation (3), we have 
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If the failure of the specimen is in flexure, then 
F M F MandV V W W     (6) 
Again, from Equation (3), we have 
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If it is assumed that for a material M
M
V
W  is constant, then
M
M
CVW  . The beam failure will be in shear rather than in 
flexural tension or compression if 
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Therefore C  can be theoretically estimated by the calculation of the parameter, 2 L
t
§ ·¨ ¸© ¹ , for a composite and by 
the observation of the types of occurred failures. For shear failure (debonding at the mid-thickness), this ratio should 
be below the value of C , and for flexural failure (tensile or compressive at the surface) it should be above the value 
of C . The elastic constants of the composite were calculated from the following expressions which take into account 
the interphase (Theocaris et al. (1985), Sideridis (1993)).  
Longitudinal elastic modulus  LE  
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where ,f ir r  denote the fiber and interphase  radii respectively, with i fr r r '  
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Longitudinal Poisson ratio  LTQ , Transverse Poisson ratio  TTQ  
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In these relationships ,f mE E  and ,f mQ Q  denote the elastic moduli and Poisson ratio of the fiber and matrix 
respectively. They are given as 72 , 3.5 , 0.20, 0.35f m f mE GPa E GPaQ Q    . For the interphase moduli ( )iE r  
and ( )i rQ  designated as ( )iM r , polynomial or logarithmic variation can be assumed.  
 
3.       Results and discussion 
During the experiments (Theotokoglou and Sideridis (2011)) it was observed the boundary of shear and tensile 
(or compressive) failures for 5L
t
  and  16L
t
  as denoted in Equation (8) which are derived from the theory. 
Indeed, when normal stress xxV  is illustrated versus shear stress xzV  a straight line traced according to Equation (2) 
i.e. 2xx
xz
L C
t
V
V    represents the boundary between shear and tensile flexural failures. The experimental data show 
good agreement with the theory in both cases since the shear failures occurring for 5L
t
  should lie above the 
straight line, whereas the tensile flexural failures occurring for 16L
t
  should lie below this line. From this, it can 
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be concluded that the shear strength depends on the L
t
 even for shear failures. From the linear FEA (NASTRAN, 
(2011)) the ,xx xzV V stress distributions are given through the beam thickness and for different cross sections along 
the span (Figs 2, 3). From our analysis the shear failures in the specimens tested occurred at the plane of shear near 
the neutral axis, which is at about
2
t . In Fig. 4, the calculated values of  LE and  LTQ  (Eqns (9), (11)) from the 
FEA are compared with those from other theories ((Theocaris et al. (1985), Sih et al. (1973), Whitney and Riley 
(1966)).  
 
 
Fig.  2. xxV -stress distributions through the beam thickness for different cross sections along the span L. 
 
 
 
 
Fig.  3. xzV - stress distributions through the beam thickness for different cross sections along the span L. 
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Fig.  5.  Calculated values of  LE and  LTQ from the finite element analysis compared with those from other theories. 
 
4.       Conclusions 
In this study the following were observed: The  L
t
 , ratio influences strongly the normal and shear stresses xxV    
and xzV , respectively in bending. The effect for shear failures in not easily predicted. Thus the fracture surface in 
shear is at the interface or through the resin and not through the fibers.
         
 
The values derived from the longitudinal elastic modulus through the interphase model are in very good 
agreement with experimental results and those derived from FEA. The agreement between theoretical values and FE 
results can be improved by considering other laws of variation for the interphase. 
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